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Abstract: The observation of double and triple scalar boson production at hadron col-
liders could provide key information on the Higgs self couplings and the potential. As for
single Higgs production the largest rates for multiple Higgs production come from gluon-
gluon fusion processes mediated by a top-quark loop. However, at variance with single
Higgs production, top-quark mass and width effects from the loops cannot be neglected.
Computations including the exact top-quark mass dependence are only available at the
leading order, and currently predictions at higher orders are obtained by means of approx-
imations based on the Higgs-gluon effective field theory (HEFT). In this work we present
a reweighting technique that, starting from events obtained via the MC@NLO method in
the HEFT, allows to exactly include the top-quark mass and width effects coming from
one- and two-loop amplitudes. We describe our approach and apply it to double Higgs
production at NLO in QCD, computing the needed one-loop amplitudes and using approx-
imations for the unknown two-loop ones. The results are compared to other approaches
used in the literature, arguing that they provide more accurate predictions for distributions
and for total rates as well. As a novel application of our procedure we present predictions
at NLO in QCD for triple Higgs production at hadron colliders.
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1 Introduction
Present LHC data already provide convincing evidence that the scalar particle observed
at the LHC is the one predicted by the Brout-Englert-Higgs breaking mechanism [1, 2]
of the SU(2)L × U(1)Y symmetry as implemented in the Standard Model (SM) [3]. Here,
the strength of the Higgs boson couplings is uniquely determined by the masses of the
elementary particles, including the Higgs boson itself. The measured couplings to fermions
and vector bosons are found to agree within 10–20% with the SM predictions [4–11]. No
direct information, however, has been collected so far on the Higgs self-couplings that
appear in the potential:
V (H) =
1
2
m2HH
2 + λHHHvH
3 +
1
4
λHHHHH
4. (1.1)
The values of the Higgs self-couplings λHHH and λHHHH are fixed in the SM by gauge
invariance and renormalisability to λHHH = λHHHH = m
2
H/2v
2, i.e. fully determined
by the mass of the Higgs boson and the Higgs field vacuum expectation value v. Direct
information on the Higgs three-point and four-point interactions would therefore provide
key information on the upper scale of validity of the SM when thought of as an effective
theory itself, or on the possible existence of a richer scalar sector, featuring additional
scalar fields, possibly in other representations.
In this context, multiple Higgs production plays a special role. At the lowest order,
Higgs pair production is the simplest production process that is sensitive to the trilinear
self-coupling λHHH , while to probe the quartic Higgs coupling λHHHH one would need
to consider at least triple Higgs production. Unfortunately, in the SM multiple Higgs
production rates at the LHC are quite small [12, 13] and the prospects of making precise
enough measurements at the LHC (assuming SM values) are at best challenging [14–16]
for double Higgs production and rather bleak for triple Higgs production [13, 17].
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However, multiple Higgs production rates could be enhanced by new physics effects
and therefore the process provides one with a wealth of possibilities for probing new
physics. These possibilities range from explicit models featuring new particles, such as
the 2HDM [18–21], SUSY [12, 22–24], extended colored sectors [25–27], Little Higgs Mod-
els [28, 29], Higgs portal [30, 31], flavor symmetry models [32] and Composite Higgs mod-
els [33, 34] to model independent higher-dimensional interactions [35–37]. In any case,
precise predictions for rates and distributions will be needed to be able to extract valuable
information on λHHH or on new physics effects in general. Higgs pair production will be
relevant for the high-luminosity LHC and several phenomenological studies [38–47] have
recently investigated the potential of detecting the signal for the process over the back-
grounds in various Higgs decay channels. Triple Higgs production rates are smaller by more
than two orders of magnitude [13, 17], making the process possibly relevant for a future
100TeV collider.
Analogously to single Higgs production, several channels can lead to a final state
involving two or three Higgs bosons. They involve either the Higgs coupling to the top quark
(e.g., gluon-gluon fusion via top loops and tt¯ associated production), or to vector bosons
(e.g., vector boson fusion and associated production), or to both (e.g., single-top associated
production). The dominant production mechanism for multiple Higgs production is gluon-
gluon fusion via top-quark loops, exactly as in the case of single Higgs production. Cross
sections corresponding to the other channels are at least one order of magnitude smaller,
even though possibly interesting because of different sensitivity to the λ’s or to other
couplings, such as V V HH [48, 49], or to new physics. In addition, typically, different
channels open different possibilities of exploiting a wider range of Higgs decay signatures.
Predictions for the six main HH production channels at NLO in QCD for hadron collider
energies ranging from 8 to 100TeV can be found in [50]. NNLO results for vector boson
fusion [51] and vector boson associated production [39] are also available. For triple Higgs
production gluon-gluon fusion is again the dominant production channel by at least one
order of magnitude. However, the importance of the subdominant production channels is
slightly different from the pair production at 14TeV, with tt¯ associated production giving
the second largest contribution, and VBF the third.
Gluon-gluon fusion being the dominant production mechanism for multiple Higgs-
boson production, one would like to have the most accurate and precise predictions possible
for this channel. However, as Higgs pair production is a loop induced 2 → 2 process at
the Born level, higher-order computations become very involved. Computations including
the exact top-quark mass dependence, i.e. in the Full Theory (FT), are only available at
the leading order, and currently predictions at NLO [52] and NNLO accuracy [53, 54]
are obtained by means of approximations that build upon the Higgs-gluon effective field
theory. Besides, at variance with the inclusive cross section computation for single Higgs
production, top-quark mass effects in the loops cannot be neglected. In this work we
present a method that, starting from an NLO calculation matched to parton shower (PS)
in the Higgs effective-field theory allows us to systematically include the heavy-quark mass
effects coming from the one- and two-loop amplitudes, as long as results for the latter
are available. We describe our approach, validate it against single Higgs production, for
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which all the necessary loop amplitudes are known, and apply it to double and triple Higgs
production using all available information, i.e. the exact one-loop (real) amplitudes and
the known parts of the two-loop amplitudes. We dub our results FTapprox at NLO(+PS)
and compare them to other approximations in the literature. We show that with just the
currently available information on the loop amplitudes, our reweighting method already
provides more accurate results for the differential distributions at NLO plus parton shower
level and argue that that is the case for total rates as well.
The paper is structured as follows. In section 2 we discuss the current status of the
computation for multiple Higgs production. In section 3 we describe our method and in
particular how the top-quark mass effects can be consistently included in the calculation.
In section 4 we present our results for Higgs pair production, comparing our method with
previous results in the literature. In section 5 for the first time we present results for
triple Higgs production beyond the leading order, obtained using the same method. We
summarise our findings and draw some conclusions in the final section.
2 Multiple Higgs production in gluon-gluon fusion
In this section we briefly summarise the state-of-the-art in the computation of multiple
Higgs production in gluon-gluon fusion. For the sake of conciseness we will focus only on
Higgs pair production, most of the features being easily extendable to the general case. In
the SM, the diagrams contributing to the gluon-gluon fusion channel can be organised in
two classes: those where both Higgs bosons couple to the heavy quarks in the loop and those
that feature the Higgs self coupling. The corresponding classes of diagrams appearing at
the leading order are shown in figure 1. At NLO, 2→ 3 real one-loop diagrams, figure 2 a),
and 2 → 2 virtual two-loop diagrams, both boxes and triangles, figure 2 b), contribute,
each of them being infrared divergent yet overall giving a finite result when combined in
the computation of collinear and infrared safe observables. The one-loop matrix elements
entering the Born amplitude as well as the real corrections can be obtained using modern
loop techniques [55] automatically [56]. The two-loop triangles (such as the first one in
figure 2 b)) featuring the Higgs self coupling are the same as those entering the single Higgs
production and therefore also known for a long time [57–59] and used in publicly available
codes for single Higgs production [60, 61]. The two-loop box amplitudes, however, are not
known. This computation is extremely challenging due to the presence of several scales
(s, t, u,m2H ,m
2
t ) in the loops and is currently out of reach. As it will become clear in the
coming section, our reweighting technique can efficiently provide the NLO result with the
full top-quark mass dependence once the corresponding amplitudes become known.
In the meantime, precisely due to the difficulty of including higher-order corrections
exactly, the strategy widely employed for single Higgs-boson production has been adopted
for Higgs pair production. An effective field theory, where the top quark has been integrated
out from the theory and the Higgs boson couples directly to the gluon field, has been
introduced, where the corresponding lagrangian reads
LHEFT = αS
12pi
GaµνG
a,µν log
(
1 +
H
v
)
, (2.1)
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Figure 1. Representative Feynman diagrams for box and triangle topologies for Higgs pair pro-
duction in gluon-gluon fusion at the lowest order in perturbative QCD. The two gauge-indepedent
classes of diagrams interfere destructively.
a)
b )
Figure 2. Sample of Feynman diagrams for the NLO Higgs pair production in gluon-gluon fusion.
a) Real one-loop and b) virtual two-loop corrections.
G being the QCD field tensor. The main motivation for using this approximation is that
it makes the computation of higher-order corrections feasible. The approximation has
been proven to work extremely well for single Higgs production [62]. The HEFT provides
accurate predictions for the total rates as well as for the differential distributions when the
invariants involved are not much larger than the top quark mass. Unfortunately, in the
case of double Higgs production, the relevant scale is at least the invariant mass of the HH
pair which is typically & 2mt and therefore the HEFT provides only a rough approximation
for the total rates and a very poor one for the relevant distributions [25, 40].
Given the fact that the full NLO results are not presently available and that the HEFT
gives a poor description of the process, efforts have been made to improve results taking
into account heavy-quark loop effects at least in an approximated way. A first step in
this direction has been taken in the seminal NLO calculation for Higgs pair production,
as implemented in the code HPAIR [12, 52], which provides total cross sections in the
SM and in SUSY. In this case, the NLO calculation is performed within the HEFT, yet
all contributions (virtual and real) to the short-distance parton-parton cross section are
expressed in terms of the LO cross section times an αS correction. The LO cross section in
the HEFT is then substituted by the LO one with the full heavy-quark mass dependence.
As the aim of HPAIR is to provide results for the total cross section, this approximation is
certainly a first useful step. However, such an approach is obviously not suitable in general
and in particular for observables that receive considerable contributions from the real 2→ 3
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configurations, the most glaring example being the tail of the transverse momentum of the
Higgs pair, pT (HH).
We also mention that the top-quark mass effects at NLO in QCD have been estimated
through an 1/m2t expansion [63] (on which we will further comment later). The NNLO
computation for total rates in the HEFT [53] has also now been completed with the cal-
culation of the three-loop matching coefficient CHH [54], while recently results have been
obtained by merging samples of different parton multiplicities in [43, 64] and including
threshold resummation [65].
3 The inclusion of heavy-quark loop effects
In this section we discuss how to improve further on the HEFT approximation, and in
particular how one can improve on pure NLO in HEFT by including heavy-quark loop
effects in the Born amplitude as well as in the real emission ones. Results using this
method have already been presented in [50]. They have been achieved by implementing
all the ingredients in an automatically generated code for the HEFT within the Mad-
Graph5 aMC@NLO framework [66]. In practice, the effective Lagrangian of eq. (2.1) is
implemented in FeynRules [67, 68]1 upgraded to NLO by including the necessary UV
and R2 counter terms [55, 72–75] to obtain a UFO model [76, 77] that can be imported
in MadGraph5 aMC@NLO. At this point NLO parton-level events can be automati-
cally generated in the HEFT and then reweighted on an event-by-event basis using the
appropriate heavy-quark loop amplitudes.
To include the heavy-quark amplitudes we make use of the structure of an NLO calcu-
lation as performed within MadGraph5 aMC@NLO. For completeness, let us consider
the computation of a cross section at NLO, namely
dσ = dφn
(B + V + Cint)+ dφn+1 (R− C) , (3.1)
where B,V ,R are respectively the Born, virtual and real emission contributions, C are the
local counterterms (needed in order to render the integral over dφn+1 finite) and Cint is
the integrated form of C (over the extra parton phase space). The detailed form of the
counterterms C(int) depends on the subtraction scheme in use for the computation (e.g.,
FKS [78] or CS [79]). In general they involve a Born matrix element times some process-
independent splitting kernel together with a dedicated phase-space mapping.
A very similar formulation as the one above holds in the case of matching NLO com-
putations with parton-shower in the MC@NLO formalism, where on top of the local coun-
terterms C one has to also include the so-called Monte-Carlo counterterms CMC [80]. The
important difference with respect to the NLO formulation of eq. (3.1) is that the MC
counterterms are such that Born-like (S-events) and real-emission (H-events) unweighted
events can obtained as the corresponding subtracted cross sections are separately finite.
1More complete implementations including interactions coming from the full set of dimension-six oper-
ators are also available [69–72].
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The corresponding contributions to the total cross section can be written as
dσ(H) = dφn+1 (R− CMC) , (3.2)
dσ(S) = dφn+1
[(B + V + Cint) dφn
dφn+1
+ (CMC − C)
]
. (3.3)
In the MadGraph5 aMC@NLO framework, one can automatically generate the code
corresponding to the Born, virtual, real amplitudes, the counter terms and the phase
space [56, 81] in one go in order to compute cross sections and generate events for gg → HH
at NLO in QCD in the HEFT. All the finite heavy-quark one-loop matrix-elements (i.e.
those entering the Born and real contributions) needed can also be obtained within Mad-
Graph5 aMC@NLO. Note, however, that two limitations presently make the automatic
computation of the exact NLO result not possible. First, the computation of cross sec-
tions that have a loop Born matrix-element is not automated yet (even at the LO only).
Second, even with the automation for loop-induced processes, the need for the two-loop
amplitudes would require an external routine, as this cannot be performed automatically
by MadLoop. Therefore, the inclusion of heavy-quark effects needs manipulation that can
in principle be performed in two ways.
The first option is to generate the code for an NLO computation in the HEFT and
then replace the matrix-elements (for B,V ,R, Cint and CMC) with the corresponding ones in
the FT. Even though this is the simplest option, it features several drawbacks. First, this
method is very inefficient as the (computationally expensive) one-loop and two-loop matrix
elements routines would then be called many times to probe and map all regions of phase
space. In addition, it requires the evaluation of the real one-loop matrix elements in the
FT in regions of phase space very close to the soft/collinear limits, i.e. where they might
feature unstable configurations. For such points, multiple precision needs to be employed
at the cost of a growth of the running time by a factor of a hundred.
The second option is to include the top-quark mass effects by reweighting after having
generated the short-distance events and before these are passed to a parton shower program.
In order for this procedure to be applied, all the weights corresponding to the separate
contributions (events and counter events) and the corresponding kinematics, which is in
general different between events and each of the counter events, need to be saved in an
intermediate event file. With this information it is then possible to recompute the total
event weight by reweighting each contribution by the matrix-elements in the FT. The
weights corresponding to B,V , C(int), CMC are rescaled by the ratio BFT/BHEFT, while those
corresponding to R by the ratio RFT/RHEFT. When unweighted events are generated,
this amounts into rescaling the whole weight of S-events with Born matrix-elements, and
the different terms corresponding to H-events as written above. This solution has the
advantage of requiring the FT matrix-elements to be evaluated in significantly fewer phase
space points than those used while integrating it directly. In addition, it is completely
general and only assumes that there are no regions in phase space where the HEFT gives
a vanishing contribution while the full theory does not. In our case this condition is
satisfied. Moreover, being non-renormalisable, the HEFT leads to distributions that are in
general harder in the high-energy tails than the FT. Therefore using the HEFT to generate
– 6 –
J
H
E
P
1
1
(
2
0
1
4
)
0
7
9
events efficiently populates phase space regions that are later suppressed by the FT matrix
elements, implying no large degradation of statistical accuracy.
In this work we follow the latter strategy, which we find efficient and general. Such tech-
nique has been proposed and employed to include heavy-quark corrections at LO in multi-
parton merged samples for single Higgs [82] and HH [43] production. The implementation
of the reweighting is simplified considerably by the fact that MadGraph5 aMC@NLO
already features the needed structure and automatically stores all the relevant weights
(though in a slightly different form than the one presented in eq. (3.1)), in order to evalu-
ate the uncertainties associated with scale variation and PDF on an event-by-event basis
as described in [83].
If the two-loop matrix elements were known, our procedure would have allowed to
exactly compute cross sections at NLO accuracy and perform event generation at NLO+PS
in the FT. As the finite part of the two-loop box virtual correction is unknown, this is not
yet possible. In our work, we therefore employ and study the effect of using different
approximations for the only unknown terms, while including all one-loop (Born and real)
known terms. Once the two-loop results for the virtual corrections become available, it
will be possible to include them straightforwardly, for example following the conventions
of the Binoth Les Houches Accord [84].
The method described here can be applied to other loop-induced processes, for which
suitably defined effective interactions can be used to automatically generate events while
the FT one-loop matrix elements can then be employed to correctly reweight the events.
As already mentioned, our method has been already used in the NLO calculation of Higgs
pair production within the SM in [50] and more recently in the 2HDM in [19]. In this
work, we will also apply the same procedure to triple Higgs production. We stress that it
could also be applied to other loop-induced processes, such H + 1 jet and HZ associated
production in gluon-gluon fusion.
4 Higgs pair production
In this section we present the results obtained by applying the method described in the
previous section to HH production. The first effects we wish to discuss are those coming
from the inclusion of the top-quark width. The relevance of the top-quark width in the
context of single Higgs production in gluon-gluon fusion has been discussed in [60] where
it has been verified that for a light Higgs below the tt¯ threshold the effect is negligible
but rises to the percent level for heavier Higgs bosons, i.e., closer to the tt¯ threshold.
Such virtualities are exactly those relevant for Higgs pair production and one can therefore
expect the top-quark width effects not to be negligible.
As already mentioned, in our calculation the 2 → 2 and 2 → 3 one-loop amplitudes
are obtained via MadLoop [56]. The computation is performed using the complex mass
scheme for the top quark [85, 86] as implemented in MadLoop and ALOHA in Mad-
Graph5 aMC@NLO. In practice, for the top quark this simply amounts to performing
the replacement
mt → mt
√
1− iΓt/mt (4.1)
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Figure 3. Top width effect on the one-loop (Born) matrix element squared for gg → HH. The
results for Γt = 0 and 1.5GeV are shown along with the corresponding ratio.
everywhere in the computation, i.e. to modify the kinematical mass as well as the Yukawa
coupling. The effect of including a non-zero top-quark width is shown in figure 3, where
the LO matrix element squared for gg → HH is plotted as a function of the invariant
mass of the Higgs pair for Γt = 0 and 1.5GeV.
2 A behaviour similar in size and with the
same negative sign as the single Higgs case [60] is found, with the non-zero width result
displaying a maximum decrease of ∼4% compared to the narrow width result right after
the tt¯ threshold. The results shown here have been obtained at the matrix element squared
level. The final effect on the total cross section at LO at 14TeV LHC is shown in table 1
and amounts to a correction of ∼-2%. For our NLO predictions we will use a top-quark
width of 1.5GeV.
We now consider the inclusion of the finite top mass in the NLO computation. In
what we dub NLO FTapprox, the Born and real configurations are reweighted with the
corresponding Born and real emission finite top-quark mass matrix elements and for the
virtual configurations, the HEFT result, yet rescaled by the Born in the FT, is used. We
stress again that the only approximation made in this procedure is that coming from the
absence of the exact results for the two-loop virtual terms. To assess its correctness and
study its validity, we have applied the reweighting procedure to single Higgs production
in gluon-gluon fusion where all elements of the calculation are available. First, we have
validated our procedure using the exact FT real (one-loop) and virtual (two-loop) matrix
2We note that here we assumed a 90◦ scattering for all points included in figure 3, but as the matrix
element has an extremely weak angular dependence [25], this provides a perfectly good demonstration of
the effect also at the level of the Higgs pair invariant mass distribution.
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NLO HEFT Born-improved
NLO FTapproxH production at the LHC14
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Figure 4. Comparison of the NLO FTapprox and HEFT Born-improved results to the exact result
for the total cross section for single Higgs production as a function of the Higgs mass.
elements and found excellent agreement with the corresponding exact FT implementations
available in MC@NLO v4.0 [87] and SusHi [61]. Second, we have compared two different
approximations that can be obtained with our method, the NLO HEFT “Born-improved”
(σNLOHEFT × σLOFT/σLOHEFT ) and the FTapprox, to the exact FT results. In figure 4, we show
the corresponding ratios to the exact NLO results taken from SusHi [61] at the total cross
section level as a function of the Higgs masses. The NLO FTapprox remains very close to
the exact result for all masses apart from the region in proximity to the tt¯ threshold and
at very high Higgs mass. In the threshold region a cancellation of the top mass effects
between real and virtual corrections takes place, as the Born-improved HEFT result lies
very close to the exact one. As it will be important in the following, we note, however,
that such a cancellation does not occur above threshold and the FTapprox is systematically
closer to the exact result than the NLO HEFT Born-improved approximation.
We now consider Higgs pair production and compare the NLO FTapprox results to two
other approximations. The first of these two approximations corresponds to the “Born-
improved” HEFT results. It amounts to rescaling all events, Born and real-emission like,
by the Born in the FT, i.e., to always use the weight BFT/BHEFT. In the case of the
real-emission events the kinematics used is that determined by the counter terms mapping.
This approach mimics the one used in HPAIR, the only (practically irrelevant) difference
being that in HPAIR the reweighting is performed after the integration over the polar
angle, while our HEFT Born reweighting is fully differential. Indeed a detailed check with
the results of HPAIR shows that once the same parameters are chosen, and in particular
the top-width is set to zero, an excellent agreement is found.
– 9 –
J
H
E
P
1
1
(
2
0
1
4
)
0
7
9
In addition to the Born-improved HEFT results, we compare our reference results to a
second approximation, dubbed NLO FT′approx, by which we assess the possible shifts of the
central value of the NLO cross section due to the inclusion of the exact two-loop corrections
in the FT. As already mentioned several times, the two-loop box contributions, e.g., those
coming from the second and third diagrams of figure 2 b) are not known. However, the two-
loop triangle contributions, e.g., first diagram of figure 2 b), are known (and form a gauge
independent subset) as they are the same as those entering single Higgs production. To this
aim, we use the finite contribution of the two-loop corrections for single Higgs production,
which are publicly available as a function of the Higgs mass, e.g. in SusHi [61], and assume
that the same form factor would hold for the two-loop box amplitude. In other words, we
proceed under the assumption that these corrections factorise out of the matrix element
globally, i.e. for both the box and the triangle diagrams. Needless to say, such an assump-
tion is ad hoc and while we do not claim that the triangle form-factor should resemble the
box one, this test is still a useful one. The main reason comes from the fact that it allows
us to study the extent of possible cancellations taking place between the top-quark mass
corrections from the real (which are included) and virtual (which are only approximate)
matrix elements. It can be observed3 that in single Higgs production, where the exact
NLO results are available, the “Born-rescaled” HEFT result is extremely close to the exact
value for a Higgs mass near the tt¯ threshold [88, 89], see figure 4. It is therefore important
to assess to which extent such an effect could matter in HH production and impact our
NLO FTapprox predictions as only the exact real emission effects and not those coming
from the two-loop virtual contributions are included. As we will argue in the following, the
invariant mass region up to the tt¯ threshold, i.e. the region where such a cancellation could
take place, does not significantly contribute to the Higgs pair production cross section.
We quantify the differences between the approximations discussed above by calculating
the total cross section for Higgs pair production in gluon-gluon fusion at 14TeV in table 1.
In this computation, we have set the Higgs mass to mH = 125GeV and the top-quark
mass to mt = 172.5GeV. We note that the top-quark mass dependence of the cross section
around the reference top mass of 172.5GeV can be parametrised approximately (at LO FT
as well as at NLO FTapprox) by ∆σ/σ ∼ 0.6%×∆mt/GeV. Parton distribution functions
(PDFs) are evaluated by using the MSTW2008 (LO and NLO) parametrisation in the
five-flavour scheme [90]. The renormalisation and factorisation scales µR,F are set to µR =
µF = µ0 = mHH/2. The dependence of the predictions on scale and PDF variations can
be estimated at no extra computational cost via a reweighting technique [83]. Scales are
varied independently in the range µ0/2 < µR, µF < 2µ0 and PDF uncertainties at the 68%
C.L. are obtained following the prescription given by the MSTW collaboration [90]. Even
though b-quark loops can be computed in our setup, b-quark masses as well as their tiny
(∼0.3%) contribution to the HH cross section are neglected in the following.
Table 1 collects our results. We first verify that the effect of the non-zero top-quark
width on the total cross section at LO, a ∼ 2% decrease, directly follows from the results
shown in figure 3 and the fact that the invariant mass distribution peaks at ∼400GeV. We
3We are grateful to Michael Spira for bringing up this point.
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HH production in gluon-gluon fusion at 14TeV Cross section [fb]
HEFT 19.2+35.2+2.8%
−24.3−2.9%
LO FT, Γt = 0GeV 23.2
+32.3+2.0%
−22.9−2.3%
FT, Γt = 1.5GeV 22.7
+32.3+2.0%
−22.9−2.3%
NLO
HEFT 32.9+18.1+2.9%
−15.5−3.7%
HEFT Born-improved 38.5+18.4+2.0%
−15.1−2.4%
FTapprox (virtuals: Born-rescaled HEFT ) 34.3
+15.0+1.5%
−13.4−2.4%
FT′approx (virtuals: estimated from single Higgs in FT) 35.0
+15.7+2.0%
−13.7−2.4%
Table 1. Cross section results (in fb) for Higgs pair production in gluon-gluon fusion at 14TeV.
LO results in the Full Theory are given without and with top-quark width effects. The first NLO
result corresponds to the HEFT, while the second to the Born-improved HEFT. The third NLO
result, FTapprox, corresponds to our baseline approach where all known top-quark mass corrections
coming from one-loop amplitudes are included and the HEFT Born-rescaled approximation for the
two-loop amplitudes is used. In the last result, FT′approx , the information from the known two-loop
triangles is also used to estimate the full two-loop contributions. More details are given in the
text. All NLO results feature a finite top-quark width. The first uncertainty quoted refers to scale
variations, while the second to PDFs. Uncertainties are in percent. No cuts are applied to final
state particles and no branching ratios are included.
also note the well-known fact that the process receives large QCD corrections as well as the
expected reduction of the theoretical uncertainties for the NLO computations. We then
show three NLO results: i) the Born-improved HEFT result through a local event-by-event
reweighting, ii) the NLO FTapprox result, obtained by combining the exact real emission
matrix elements, with the Born-rescaled HEFT results for the virtual corrections and iii)
the NLO FT′approx result obtained by combining the exact real emission matrix elements,
with the exact results of single Higgs production for the virtual corrections, as described
previously. For all NLO results we keep the finite top-quark width of 1.5GeV.
We can now compare the different approximations of the FT NLO result. The first
important observation is that the Born-improved result is 11% larger than our baseline
one. We also note here that the Born-improved result obtained by a local event-by-event
rescaling is within 1% of what one would obtain from a global Born rescaling obtained
using the total cross section numbers, i.e., σNLOHEFT × σLOFT/σLOHEFT. The difference from the
Born-improved result only slightly reduces (9%) when an estimate for the finite top-quark
mass terms from the two-loop contributions is included, see last line of table 1. Our
NLO FTapprox result is rather stable in that respect. This is related to the fact that the
cancellation we discussed earlier for single Higgs production is only relevant very close to
the tt¯ threshold, with the Born-rescaled result rapidly rising over the exact one above the
threshold. In the case of single Higgs production, we have indeed checked that for Higgs
masses above 400GeV the NLO FTapprox result (only including the exact real emission
matrix element but not the known two-loop virtual results) is closer to the exact result
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than the corresponding Born-improved one. In the case of Higgs pair production, one could
also argue that even if a similar cancellation of the top-quark mass effects between the real
and virtual corrections occurred at the tt¯ threshold, it would not have a very pronounced
effect on the total cross section, as for Higgs pair production the peak of the invariant mass
distribution is located at higher mass values.
At this point it is worth to recall the results of ref. [63], where the top-quark mass
effects at NLO in QCD were estimated by computing the first few terms in the 1/m2t
expansion for the K−factor. The 1/m2t expansion is known not to converge well at LO [25]
and is not supposed to work beyond or even close to the
√
s = 2mt threshold, around and
beyond which the bulk of theHH cross section resides. However, in ref. [63] an attempt was
made by combining the exact Born cross section with the 1/m2t expanded K−factors, as a
“taming” technique for the expansion. A +10% increase with respect to the Born-rescaled
HEFT result was found, i.e., an effect similar in size but opposite in sign to our estimate.
Combined with our findings, the estimate of ref. [63] implies that the difference between
the finite part of the Born-rescaled HEFT virtuals and the exact ones should account for a
+20% increase of the total cross section, a quite large effect indeed, especially considering
that by including top-mass effects in the virtual corrections estimated via the known two-
loop triangles, leads only to a couple of percent increase. Besides, we note that the results
of the same 1/m2t expansion approach applied to the production of a single heavy Higgs
of mass between 400 and 500GeV, are known to overestimate the exact results in the FT
when no high-energy matching is performed [61, 91–94].
While only an exact calculation of the missing two-loop amplitudes will finally settle
this issue, the NLO FTapprox approach provides central values for the cross sections that
appear rather robust, predicting a correction of about -10% with respect to those obtained
by means of the Born-improved HEFT. In addition, together with the results of ref. [63],
our study provides an estimate of about 10% for the uncertainty to be associated with the
HEFT calculation due to the missing top-quark mass effects. Such an uncertainty should
be quoted along with the other theoretical uncertainties in the HEFT calculations, at NLO
but also at NNLO.
Finally, we note that including the exact one-loop 2 → 3 matrix elements provides
a more accurate description of the tails of the distributions where hard parton emissions
take place, and the factorisation of the 2 → 3 real-emission amplitudes into the 2 → 2
LO amplitudes, as implicit in the Born-improved approach, cannot accurately describe the
hard parton kinematics. To emphasize this point, we compare in figure 5 the differential
distributions of the invariant mass and the transverse momentum of the Higgs pair obtained
by NLO FTapprox and Born-improved HEFT. Pythia8 [95] has been used for parton shower
and hadronisation.
By studying the two distributions, we see that including the exact real emission matrix
elements affects the two observables in different ways. On the one hand, for the invariant
mass distribution the effect is a uniform modification of the cross section by about 10%.
On the other hand, for the transverse momentum of the Higgs pair, at low values where
the distribution is dominated by the parton shower, there is no visible difference between
the two results, while at high pT values where the distribution is dominated by hard parton
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Figure 5. Differential cross sections for the invariant mass and transverse momentum of the Higgs
pair in HH production via gluon-gluon fusion at the LHC with 14TeV centre-of-mass energy.
Distributions are obtained by generating events at parton level at LO and NLO accuracy and then
matching to Pythia8. Uncertainties corresponding to PDF and scale variations are shown in the
lower inset.
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Figure 6. Total cross sections at LO and NLO in QCD in the FT for the Higgs pair production
from gluon-gluon fusion at pp colliders as a function of the centre-of-mass energy. The thickness of
the lines corresponds to the scale variation and PDF uncertainties added linearly.
σ(HH) [fb]
√
s = 14TeV
√
s = 33TeV
√
s = 100TeV
LO FT 22.7 +32.3+2.0%
−22.9−2.3% 145
+24.9+1.2%
+18.9−1.9% 1080
+28.6+1.0%
−21.8−1.7%
NLO FTapprox 34.3
+15.0+1.5%
−13.4−2.4% 199
+13.2+1.3%
−11.6−1.6% 1250
+14.8+1.0%
−14.4−1.6%
Table 2. LO and NLO total cross sections (in fb) for Higgs pair production in gluon-gluon fusion
at
√
s = 14, 33, 100TeV in the FT. The uncertainties (in percent) refer to scale variations and to
PDF, respectively. No cuts are applied to final state particles and no branching ratios are included.
emission, coming from the real matrix elements, we see that there is a significant deviation
from the Born-improved result. In that region we trust our FTapprox prediction more as it
describes better the kinematics.
For completeness, we also show the results for the total cross section at LO and NLO
for Higgs pair production in gluon-gluon fusion as a function of the hadronic centre-of-
mass energy in figure 6, including the uncertainties due to scale variation and PDF added
linearly. The uncertainty bands demonstrate nicely the reduction of the scale uncertainties
for the NLO calculation. Results for a selected number of hadronic energies are also shown
in table 2.
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Figure 7. Representative Feynman diagrams for triple Higgs production in gluon-gluon fusion.
5 Higgs triple production
We now apply the same procedure followed for Higgs pair production to obtain results
beyond the LO for triple Higgs production through gluon-gluon fusion. Representative
topologies of diagrams that contribute to the process at LO are shown in figure 7. These
include pentagons where the Higgs bosons couple only to the heavy quarks of the loop,
boxes in combination with one power of the trilinear Higgs coupling and triangles with
either two powers of the trilinear coupling or the quartic Higgs coupling. It turns out that
at LO, the hierarchy of the various contributions in decreasing size order is first pentagons,
then boxes and finally triangles [13]. With the triangles contribution already being the
smallest of the three, and the fact that the quartic coupling itself has only a very small
contribution to that (it only appears in one of the four diagrams), any attempt to access
the quartic coupling through the measurement of this process becomes not feasible at the
LHC and extremely challenging even at a future 100TeV collider. In any case, measuring
the quartic Higgs coupling in this process would require a very precise knowledge of the
triple Higgs coupling [13]. The situation could possibly change in the presence of physics
beyond the SM. In this respect having predictions as accurate as possible for production
cross sections at hadron colliders in the SM is still be very useful.
We therefore propose to follow the same procedure as for Higgs pair production and
improve the NLO HEFT results by systematically including the information from the FT
one-loop amplitudes, the Born and the real contributions. In this case, the information
which will be included in an approximated way is that related to the two-loop boxes and
two-loop pentagons, whose calculation is extremely challenging (note that even the two-
loop boxes are more complicated than those in HH production as they feature one more
scale) and probably will not be available for some time. The method and the setup follows
exactly that of HH, even though the calculation is more complicated and the resulting
reweighting procedure is substantially slower. For this process, we find it necessary to use
a small computing cluster and fully parallelise the reweighting on an event-by-event basis.
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Figure 8. Total cross sections at LO and NLO in QCD in the FT for the triple Higgs production
from gluon-gluon fusion at pp colliders as a function of the centre-of-mass energy. The thickness of
the lines corresponds to the scale and PDF uncertainties added linearly.
σ(HHH) [fb]
√
s = 14TeV
√
s = 33TeV
√
s = 100TeV
LO FT 0.0557 +34.5+2.5%
−24.0−2.7% 0.438
+26.8+1.5%
+20.0−2.0% 3.78
+24.1+0.9%
−18.7−1.7%
NLO FTapprox 0.0894
+16.5+2.5%
−14.6−3.2% 0.677
+14.5+1.4%
−13.4−1.7% 5.09
+13.5+1.0%
−12.7−1.3%
Table 3. LO and NLO total cross sections (in fb) for triple Higgs production in gluon-gluon fusion
at
√
s = 14, 33, 100TeV in the FT. The uncertainties (in percent) refer to scale variations and to
PDF, respectively. No cuts are applied to final state particles and no branching ratios are included.
We show our results for the production cross sections as a function of the centre-of-
mass energy in figure 8 and a few representative results in table 3. The NLO calculation
leads to K−factors and uncertainties which are similar to Higgs pair production. The most
important information conveyed by figure 8 is that the cross section remains very small
even at 100TeV pp collisions.
We conclude by showing the NLO+PS effects in two key distributions, i.e. that of
the invariant mass of the three Higgs-bosons and the transverse momentum of the triplet
in figure 9. The latter distribution features two important damping effects: at small
pT (HHH) the spectrum is softened by the soft resummation performed by the shower and
at high pT (HHH) where the top-quark loop effects matter and the HEFT is not reliable.
– 16 –
J
H
E
P
1
1
(
2
0
1
4
)
0
7
9
dσ
/b
in
[p
b]
HHH production at the LHC14
MSTW2008(N)LO pdf
µR=µF=mHHH/2
LO FT
NLO FTapprox
10-8
10-7
10-6
10-5
M
a
d
G
r
a
p
h
5
_
a
M
C
@
N
L
O
m(HHH) [GeV]
PDF. unc scale unc NLO FTapprox+PY8 LO FT+PY8
 1
 2
 400  600  800  1000  1200  1400  1600  1800
dσ
/b
in
[p
b]
HHH production at the LHC14
MSTW2008(N)LO pdf
µR=µF=mHHH/2
LO FT
NLO FTapprox
10-6
10-5
M
a
d
G
r
a
p
h
5
_
a
M
C
@
N
L
O
pT(HHH) [GeV]
PDF. unc scale unc NLO FTapprox+PY8 LO FT+PY8
 1
 2
 0  50  100  150  200  250  300
Figure 9. Differential cross sections for the invariant mass and transverse momentum of the three
Higgs system in HHH production via gluon-gluon fusion at the LHC with 14TeV centre-of-mass
energy. Distributions are obtained by generating events at parton level at LO and NLO accuracy
and then matching to Pythia8. Uncertainties corresponding to PDF and scale variations are shown
in the lower inset.
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6 Conclusions
The observation of multiple Higgs production at hadron colliders is a very challenging
task, yet a crucial one to obtain key information on the form of the Higgs potential.
Rates for these processes are rather low and the accessible signatures swamped by large
backgrounds. In any case, any effort to gather information from measurements or bounds
on these processes requires accurate predictions for the SM total cross sections. In addition,
differential distributions are needed not only to calculate acceptances but also to improve
the potential of disentangling these processes from the various backgrounds by selecting
the most sensitive regions in phase space. As in single Higgs production, the largest rates
for multiple Higgs production come from gluon-gluon fusion mediated by a top-quark loop.
Loop-induced processes pose one with the difficulty of obtaining higher order predictions,
as these require the computation of multi-loop Feynman diagrams.
In this work we have first focused on Higgs pair production by considering different
approximations to improve the HEFT NLO calculation upon the infinite top-quark mass
limit. We have introduced a reweighting procedure that allows the inclusion of the top-
quark mass and width effects exactly. We have then applied it to HH production using the
available information, i.e. the exact (Born and real) one-loop amplitudes and the approxi-
mated two-loop matrix elements to appropriately reweight events generated automatically
by means of the MC@NLO method in the effective field theory. As a first result and at
variance with single Higgs production, we have found that including a non-zero top-quark
width reduces the cross section by a couple of percents, the largest effect reaching -4% just
above the tt¯ threshold.
We have then performed a study to assess the relevance of various corrections and the
accuracy of other approaches used in the literature to approximate NLO results in the FT.
In particular we have compared to a Born reweighting, where only the exact Born results
are used to improve upon the HEFT results. At the total cross section level our best
estimate gives a result about 10% smaller than the Born-improved HEFT. We have then
considered the difference between the two approaches for differential distributions, and
found that including the exact real emission matrix elements provides a better description
of the phase space regions where hard emissions take place. We have then argued that
total rates are improved too: by using an estimated form of the unknown virtual correc-
tions in the FT using available results from single Higgs production, we have shown that
our results are rather stable under variations of the unknown finite terms. Even though
the effect of the missing two-loop virtual corrections on the total cross section cannot be
quantified until these become available, comparing the different approximations allows one
to conservatively associate an uncertainty of order 10% with the calculation due to the
missing top-quark mass effects. Note that this uncertainty should be quoted along with
others until the exact NLO result becomes available. Finally, we have applied our method
to triple Higgs production, providing for the first time predictions for hadron colliders at
NLO (+PS) accuracy in the SM. We have found a reduction of the theoretical uncertainties
and enhancements of the cross section similar to those of HH production over a large range
of collision energies.
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